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Given an abstract family of languages (AFL).o~' the question is considered if there 
exists an AFL  incomparable with &a. In case there is an AFL .L~' incomparable with LP 
the paper considers if there exists a largest AFL incomparable with &a, and if there is 
a maximal AFL containing L~' incomparable with Le. The main results characterize 
those full AFL La having a largest full incomparable AFL -~' and relate properties 
of .~e to properties of c~,. 
INTRODUCTION 
Recent investigations [7, 9] in abstract family of language (AFL) theory have 
led to the consideration of incomparable AFL as a tool in analyzing the structure 
of AFL. In addition, the concept of two AFL being incomparable has some interest 
in its own right, as a complement to the situation where one AFL is contained in 
the other. The purpose of this paper is to present he first systematic study of the 
incomparability of AFL. 
Given an AFL 5e we ask if there exists an AFL incomparable with &o. In case 
there is an AFL s incomparable with La we ask if there exists a largest AFL in- 
comparable with ~ and if there is a maximal AFL containing ~ '  incomparable 
with 5e. Our main results characterize those full AFL .o~ having a largest full in- 
comparable AFL s and relate properties of 5r to properties of s Some of our 
* This research was supported in part by the National Science Foundation under Grant 
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results are analogous to results (appearing in [7, 9]) about the largest proper full 
sub-AFL of a full AFL. 
The paper is divided into four sections and an Appendix. The first section is 
devoted to the existence of incomparable AFL. The main result asserts that an AFL 
which is neither egular nor the AFL of all languages, the largest AFL, has an in- 
comparable full AFL. This theorem hinges on a technical lemma which is also used 
later in the paper. 
Section 2 contains a discussion of largest AFL incomparable with a given one. 
A main result is that a full AFL has a largest incomparable full AFL if and only 
if it is full principal with a "fully prime" nonregular generator. [The concept of 
fully prime language is defined in the section and is related to "non splitting" in 
the sense of [9]. Every fully prime language does not split but the converse is false.] 
As a consequence of this result it is proved that every substitution-closed full principal 
nonregular AFL has a largest incomparable full AFL. The section also contains a 
characterization f the largest incomparable full AFL 50' [if it exists] of a full AFL ~,  
a description of how to obtain .~o, from ~,  and some relations between properties 
of 50 and 50'. 
Section 3 concerns maximal incomparable AFL. It is shown that a principal 
nonregular AFL has maximal incomparable (full) AFL and that a full principal 
nonregular AFL has maximal incomparable full AFL. Also, an example is given 
of a full AFL having no maximal incomparable full AFL. 
Section 4 briefly discusses extensions of some of the results of Sections 2 and 3 
to the case of a sub-AFL of an AFL .ha'. In this case we seek sub-AFL of 5 ~ incom- 
parable with 50. 
The Appendix consists of a proof that L o ~-{anbn/n ~ 1} is not fully prime. 
Since L 0 is known not to split [9], it is an example which shows that the concepts 
of splitting and not being fully prime are different. By results in [9], o~(Lo) has a 
largest proper full sub-AFL, but by our results it does not have a largest incom- 
parable full AFL. 
Finally, all the results in the paper are valid when AFL is replaced by semi-AFL. 
1. EXISTENCE OF INCOMPARABLE AFL  
This section deals with the concept of incomparability of AFL. The main result 
(Theorem 1.1) asserts that each AFL, except a few trivial ones, has an incomparable 
full AFL. The key to this is a technical lemma (Lemma 1.I) which is also used in 
Section 2. 
We begin by recalling some definitions and standard notation. The reader is 
referred to [3] for all undefined terms. 
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AGREEMENT. We shall assume that the underlying alphabet Z is countably 
infinite. 
DEFINITION. A language (over Z) is a set L such that there exists a finite subset 
271 of 27 with L _C 271". A family of languages (over Z) is a collection .Z' of languages 
(over 27) at least one of which is nonempty. 
NOTATION. For each language L, ZL will denote the smallest subset 2," 1 of I such 
that L _C/1". 
The families of languages of concern to us are the following. 
DEFINITION. An abstract family of languages (AFL) is a family of languages 
closed under the operations of union, concatenation, +,  E-free homomorphism, 
inverse homomorphism, and intersection with regular sets. A full AFL is an AFL 
closed under arbitrary homomorphism. 
One popular way to describe certain AFL is in terms of a given family of languages. 
More precisely, we have the following. 
DEFINITION. The (full) AFL (fully) generated by a set ~ of languages, denoted 
by o~(~) (o~(~f)), is the smallest (full) AFL containing ~.  
The case when an AFL is (fully) generated by a single language is of considerable 
importance and leads to: 
DEFINITION. An AFL ~cf is (full) principal if it is (fully) generated by a family 
consisting of exactly one language, i.e., s ~- o~-(L)(o~(L)) for t some language L. 
Three prominent AFL are the following. 
NOTATION. Let ~ denote the full AFL of all regular sets, ~0 the AFL of all 
E-free regular sets, and ~//the full AFL of all languages. 
We shall also make use of the following operation. 
NOTATION. Given families of languages s and 5P 2 let Sflb(s ~cf~) be the family 
of all substitutions of languages of ~ into languages of ~fl- 
It is natural to consider the relation of inclusion among pairs of AFL. This leads 
to the following notion. 
DEFINITION. Two families ~ and ~ of languages are said to be incomparable 
if neither contains the other, i.e., Lf 1 -- ~ # ~ and ~f2 -- ~1~@ ~. Otherwise, 
they are said to be comparable. 
1 We write ~'(L)(#'(L)) for 5r((L})(,~-((L))). 
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Thus ~ and ~ are comparable if and only if either ~ _C 502 or ~ _C ~a 1. 
The concept of incomparable AFL was first discussed, briefly, in [7]. For us it 
will form the central idea of the present paper. 
EXAMPLE 1. The AFL ~0 is contained in every AFL [3]. Thus there is no AFL 
incomparable with ~0-  Similarly, there is no full AFL  incomparable with the full 
AFL  ~.  Analogously, ~/contains every AFL. Thus there is no AFL  incomparable 
with it. 
EXAMPLE 2. The AFL 50CF of all context-free languages and the AFL of all 
quasirealtime 2-counter languages are incomparable. [For {a~bncn/n >/ 1} is a quasi- 
realtime 2-counter language which is not in 50cP, and {wcwR/w in {a, b)*) is in 50CF 
but is not a quasirealtime 2-counter language.] However, the full AFL  generated 
by these AFL are comparable. This is because 50cv is full and the full AFL  generated 
by the quasirealtime 2 counter languages i  50RE, the AFL of all r.e. languages [ll]. 
EXAMPLE 3. Let a be a symbol and let L _C a* be any language not in 50RE. 
Then 50RE and o~(L) are incomparable. (Clearly L is in o~(L) - -  50RE. On the other 
hand, 50RE _C .~(L) is false because o~(L) contains no nonregular substitution-closed 
AFL [6].) 
EXAMPLE 4. 50CF and 50 = g({anbncn/n ~ 1}) are incomparable full AFL. (As 
is well known, {anbnc~/n ~ 1} is not in 50CF. On the other hand, .LPCF C s162 is false 
because 5 ~ contains no nonregular substitution-closed AFL [6].) 
If 50 is an AFL and s 50 ~= 50R then 50 and 50R are incomparable AFL. For suppose 
50 and 50R are comparable. If 50 _C 50R then 50R _C 50RR __ 50, SO 50 = 50R. I f  
~c.WR _C ~.r then aLP -- ~RR _(2-_ ~R, so ~(z ~ --- ~,aR. In either case, a contradiction arises. 
If ~ and ~ are incomparable (full) AFL  then there exist (full) principal sub-AFL 
which are also incomparable. Specifically, let L t be in ~ -- ~ and L 2 in ~ -- 501. 
Then o~-(L~) and o~'(Lz) (,~(L1) and o~(L2) ) are also incomparable. 
We summarize below some additional elementary facts about incomparable AFL. 
First though, we recall a result from [7]. 
NOTATION. Let L 1 and L z be languages, with 2JL1 C3 SL2 = ;3. Let rL2(Lt) denote 
the set ~'(L1), where T is the E-free substitution on 27* 1 defined by r(a) = aL 2 for 
each a in ZL1. 
THEOREM A. Let L 1 and L 2 be E-free, nonempty languages, with ZL, n XL, ----- ~ .  
2 Let ~R ~= ~ and for each word a x .'. at,, k ~ 1, each al in S, let (at "'" ak) "~ = a~ --- al 9 
For each language L let L R = {un/u inL}. For each family s languages let *o ~aR = {LR/L in .Z'}. 
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I f  .Lf~, ~ are full AFL  and rr.,(L~) is in Sflb(o~cf~, ~cf2) , then either LI is in ~fa or L~ 
is in ~ . 
PROPOSITION 1.1. (a) I f  s ~q'l' are incomparable full AFL and ~,  ~ '  are 
incomparable full AFL, then Sfib(.W1, ~) ,  Sfib(~L,r old() are incomparable full AFL. 
(b) Let ~ be a (full) AFL incomparable with ~(.Z'~ u ~)(~'( .W a u ~) ) ,  ~1 and 5f2 
families of languages. Then .LP is incomparable with either ~x or .Z' 2 . 
(c) Let ~ and .LPe be AFL. Let .W be a substitution-dosed AFL incomparable with 
Sfib(LP~, ~) .  Then either .W is incomparable with ~ or with .W 2 . 
(d) Let ~ be a substitution-closed, principal or full principal AFL and let ~ be 
a full AFL incomparable with .LP 1 . Then the substitution closure of s 3 is also incom- 
parable with -~a . 
Proof. (a) is a trivial consequence of Lemma 2.2 of [7]. (b) and (c) are straight- 
forward, so their proofs are omitted. Consider (d). Let Sfib(&a2) denote the sub- 
stitution closure of ~ .  Suppose ~ and Sfib(5r are comparable. I f  S f ib(~)  _C 
then ~ C Sfib(LP2) _C OWl, a contradiction. Assume ~ _C Sf ib(~).  Since ~ is principal 
or full principal, ~ = o~'(L1) or g(L1) for some nonempty language L 1 . Clearly 
we may assume that L 1 contains at least one non-E word. Then L 2 ---- L 1 --  {~} ~= 
and is in .Le a. Let h be a one-to-one, length-preserving homomorphism on X* 2 such 
that 27* n 27"cL~) = ;~. Since ~ is substitution closed, z,.~(h(L2) ) is in .LP 1 . Thus 
7%(h(L~)) is in Sf ib(~).  Let q/1 ---- *LP2 and Sfib(Xe z , q/k) = Y/k+1 for each k >/ 1. 
oo 
It  is known that Sf ib(~)  = Uk=l q/k and that each q/k is a full AFL [5]. Let n be 
the smallest integer such that "cL~(h(L2) ) is in q / , .  Since q/n is full, L 2 and h(L2) are 
in ~n.  I f  n = 1 then L2, thus L 1 , is in q/1 = ~,  so that ~ _C .W2, a contradiction. 
Suppose n > 1. Then -rL2(h(L~) ) is in Sfib(Zg2, ~//~-1). By Theorem A, either L~ 
is in .W 2 or h(L2), thus L 2 , is in q/n-1 9 In either case, the contradiction of the minimality 
of n is obtained. Thus Sfib(~r is incomparable with ~.  
We next consider the existence of an AFL incomparable with a given one. We 
shall see (Theorem 1.1) that, except when the given AFL is either Mo or q/, it has 
an incomparable AFL. First though, we need two lemmas. The first asserts that 
if .W x and .La zare countable AFL, then ~ can be properly extended to a new AFL 5r 
so that s n ~ = .W x n s The second asserts that if .W 1 and ~ are AFL, with 
countable and ~ ~ .L~2, then .W 2 can be extended to be an AFL incomparable 
with 4 .  
LEMMA 1.1. Let ~ and s be countable AFL. There exists a language L not in s 
such that ~ n J(~',2 u {L}) = ~1 n ~,~. In case 5~,~ is full there exists L not in 
such that ~ n ~(~ U {L}) = ~ n ~.  
3 That is, the smallest AFL containing 0% and closed under substitution. 
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Proof. We present he proof for the AFL case, a slight nmdification holding for 
the full AFL  case. The argument is a variation of that in Theorem 3.1 of [2]. 
Given .Lf~, let G be the set of operations consisting of union, concatenation, + ,  
the identity function, all E-free homomorphisms, 4 all inverse homomorphisms, all 
operations 0R, R in ~,  where OR(L) = R n L for each language L, and all constant 
functions ~b L, , L'  in ~a2, where CL'(L) = L' for all languages L. Clearly G is countably 
infinite and each function in G is at most of two variables. Let F 0 be the set of all 
functionsf(L) = O(L,...,L), where O(L 1 .... ,L, ,)  is an operation in G. For each n ~> 0, 
let F~+ 1be the set of all functionsf(L) = O(fl(L),...,f~(L)), where 0 is in G and eachfi 
is in F~. Let F = ~,~>0F,~. Then F is countable and ~ ' (~ td {L}) = {f (L ) / f  in F}. 
Furthermore, it is readily seen that each function in F is monotone, 5 compact, 6 and 
maps regular sets into 4 -  
Let {Li}i>l be an enumeration of the languages in ~1 -- s let {fi}ol be an 
enumeration of the elements of F, and let {Ri}i~ 1be an enumeration of the infinite 
languages in 
(1) for 
(2) for 
It will follow 
. We now construct an infinite subset L of a* such that 
each j, L :/: Rj ,  and 
each i, j ,  f i (L)  4: L~. 
from (1) thatL is not in ~ and from (2) that 
s n W(~ W {L}) = ~ n {f (L ) / f  in F} = ~ n ~.  
Let rr be a one-to-one function from N • N onto N, N the set of nonnegative 
integers. Let U 1 = V_ 1 = ~.  Using induction, suppose that finite disjoint subsets 
U s and V~ of a* have already been defined for each s < k, k ~ 0, such that U i C_C_ Ui+ 1 
and V i C_ Vi+ 1 for all i, 0 ~ i < k -- 1. Since Uk_ 1 and Vk_ 1 are finite, there exists 
a word uk in a* -- (Uk_ 1 k3 Vk_l). Let i and j be the unique integers satisfying 
~r(i,j) = k. I f  f i (a* -- V k 1)C_Lj, let U k = Uk_ 1 k.) {g/c}" Suppose fi(a*-- Vk_a) is 
undefined or is not a subset o fL j .  Since fi is compact, there exists some finite subset 
W k of a* --  V~_ 1 such that f i (Wk)  is either not defined or is not a subset o fL j .  Let 
U k = Uk_ 1 u {uk} u Wk. In either case, since R k is infinite there exists a word 
vk in Rk -  Uk. Let Vk = Vk-x U {vk}. This extends the induction. Finally, let 
L = Uk>0 Uk. 
The verification of (1) is the same as in [2]. Consider (2). Let i and j be any non- 
negative integers, and let k = ~r(i,j). Suppose f i (a* --  Vk-x) is either undefined 
or is not contained in L j .  By construction, there exists W e _C Uk _CL such that f i (Wk)  
4 Note that an operation may be undefined on some languages. 
5 A function f is monotone if, whenever L I _C L~ , the existence off(L,) implies the existence of 
f(L1) and f(L~) C_ f(L~). 
6 A function f is compact if f (L) = U(f(L')/L" C_L and finite}, providing either side exists. 
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is either undefined or is not a subset of L j .  Since f i  is monotone, fi(L) is either un- 
defined or is not a subset o fL j .  Suppose fi(a* -- Ve_a) 2L~. SinceL ~ V,_ a = Z, 
L C a* --  V,_x. Thenf i(L)  C_fi(a* -- V~_~) C_L~. Sincefi maps regular sets into o~,  
fi(a*-- V,_~) is in 4 .  However Lj is not in 4 .  Therefore f~(a*-- Ve_~)CL~, 
so f~(L )~L j .  Hence f~(L) :A L~, and the proof is complete. 
LEMMA 1.2. Let ~ and 4 be AFL, with 4 countable (and full). I f  ~1 ~ 4 and 
:# ull, then there exists a (full) AFL .W~, properly containing .LP2, which is incom- 
parable with ~.  
Proof. Assume 4 ~ 4 and 4 :# g//. Suppose that ~W 1 is uncountable. Let L 1 
and L 2 be languages which are not in ~ and 4 ,  respectively. Since ~ :# ~ and 4 
is countable, L 1 and L~ exist. Consider the full AFL -W 3 ----- 5#(4  u {L1, L2} ). Since 
L~ is in 4 --  ~LP~, ~ properly contains .,W~. Because ~ is uncountable and 4 is 
countable, 4 --  ~r v ~ ~.  Since L 1 is in ~3 --  4 ,  ~3 -- 4 :# ~.  Hence 4 and 
~t' 3 are incomparable. 
Now suppose that 4 is countable. By Lemma 1.1 there exists a language L not 
in ~r such that ~ (~ ~'~'(4 U {L}) = s rh 4 (~ n ~(4  • {L}) ----- ~ n s Let 
= ~-(.LF~ k) {L})( .~(4 k) {L})). Note that 4 properly contains 4 .  Suppose that 
oLP3C 4 . Then .L,r 3 = .LP~(3 ~ = s162 4 -  Since ~C 2~~ 4 ,  .~CP~ ~. z = 4 .  
Hence 4 = ~LP~, a contradiction. Suppose that ~ _C 4 .  Then ~ = .W 1 c~ ~a = 
N -~2, so that ~1C 4 ,  a contradiction. Therefore ~ and .W 3 are incomparable. 
Letting 4 = ~0(~)  in Lemma 1.2, we immediately get the following. 
THEOREM 1.1. Let ~ be an AFL which is neither ~o (~o nor ~) nor #1. Then 
there is a (full) AFL incomparable with 4 .  
2. LARGEST INCOMPARABLE AFL 
We now consider the existence and properties of a largest 7full AFL incomparable 
with a given full AFL. Our main result, Theorem 2.1 below, gives necessary and 
sufficient conditions for a full AFL to have a largest incomparable full AFL, and, 
when it exists, characterizes the largest incomparable full AFL. Many of the results 
in this section hold if the term "full AFL"  is replaced by "AFL."  [The results are 
stated and given for full AFL solely to simplify the presentation.] In particular, 
7 Let (P, ~) be a nonempty partially ordered set. An element p in P is said to be a largest 
element if q ~ p for each q in P. Ira largest element exists, then it is unique. When dealing with 
families of languages, the order is always by family inclusion. Thus, for example, a largest 
AFL incomparable with an AFL ~ is a largest element among all the AFL which are incom- 
parable with ~e. 
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the obvious statements hold for Proposition 2.1 and its corollary, Lemma 2.1 (with 
50 still being an AFL not q/), Theorem 2.1, Lemma 2.2, and Theorem 2.2. 
EXAMPLE. Since ~ is contained in every full AFL, it has no incomparable, and 
thus no largest incomparable, full AFL. 
We begin with some auxiliary results of interest in their own right. We shall need 
the corollary to Proposition 2.1 below to establish the main characterization theorem. 
PROPOSrrIoN 2.1. (a) Let 50 be a full AFL having a largest incomparable full 
AFL 50'. Then 50 ~ 50' is the largest proper full sub-AFL of 50. 
(b) Let 50 be a full AFL with a largest proper full sub-AFL. Then 50 is full principal. 
Proof. (a) Clearly 50n50 '  is a full sub-AFL of 50. If 50n50 '  -5  ~ , then 
50 C 50', contradicting the incomparability of 50 and 50'. Thus 50 ~ ~,o, is a proper 
full sub-AFL of 50. Suppose ~ is any proper full sub-AFL of 50. We shall show 
that ~ _C 50 n 50'. 
Let L 1 be in ~1 and let ~ = o~(L1). It suffices to show ~ _C 50 c~ 50'. Since 
50 has a largest incomparable full AFL, 50 @ ~. Then 502 is a countable proper 
full sub-AFL of 50 and 50 ~= ~/[. It follows from Lemma 1.2 that there exists a full 
AFL 50z, properly containing ~2, which is incomparable with ~q~. Since 50' is the 
largest full AFL incomparable with 50, 503 _C 50'. Then ~ _C 503 _C 50'. On the other 
hand, ~ C ~ C 5 ~ Therefore 500 _C 50 ~ 50'. 
(b) Assume ~1 is the largest proper full sub-AFL of 50. Then there exists a 
language L in 50 -- ~ .  Thus ~(L)  is a full sub-AFL of 50. Suppose .r C 50. 
Then o~(L) __C 501, since ~ is the largest proper full sub-AFL of 50. This contradicts 
the fact that L is in 5 ~ -- 5 a . Therefore -~(L) --=- 50, so that 50 is full principal. 
Combining (a) and (b), we get the following. 
COROLLARY. I f  a full AFL 50 has a largest incomparable full AFL, then 50 is full 
principal. 
If 50 is a full AFL, it is obvious that the set ~ of all languages L in 50 such that 
~(L)  @ 50 contains every proper full sub-AFL of 50. It is also clear that every 
language in ~a is contained in a proper full sub-AFL of 50. Therefore 50 has a largest 
proper full sub-AFL if and only if 50a is a proper full sub-AFL of 50, in which case 
~a is the largest proper full sub-AFL of 5 ~ The next definition and Lemma 2.1 
will be used to obtain similar results for the largest full AFL incomparable with 5 ~ 
DEFINITION. For each set 50 of languages let E~t(50), called the full exterior 
of 50, be the set of all languages L such that 50 ~ J'~(L). 
For example, E~t(~0) -- E~t(~) = ;~ and E~t(q/) = q/. 
571/91x-7 
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Remark 1. Let s be a set of languages. If ~ '  is a full AFL not containing .Lf, 
then ~ '  C E~t(~~ It follows that E~t(~) is the union of all full AFL not containing 
~.  In particular, every full AFL incomparable with s is a subfamily of E~t(LP). 
Remark 2. Let .LP be a full AFL. Then ~q is full principal if and only if 
~ E~t(~e). 
Remark 3. If 4 ,  ~ are full AFL with ~ full principal, then ~a 1~ ~ implies 
E~t(~) ~ E:~t(~). In fact, by Remark 1 above, ~ ~ ~ implies La~ _C E:2t(~), and by 
Remark 2 above, since ~ is full principal, ~ ~ E:~t(~). Therefore E~t(~a0 ~ E~t(.La~). 
Remark 4. E~t(~ a~) = E~t(.s ~ for each set ~e of languages. This follows from 
the fact that ~'(~'~) = ~(~' )~ for every set 5e' of languages. 
LEMMA 2.1. Let LP be an AFL not ~ll. Then 
(a) every full AFL incomparable with o~" is a subfamily of E~t(Lf). 
(b) each language L in ESt(~r is in some full AFL incomparable with ~P. 
Proof. Consider (a). Let s be a full AFL incomparable with .Lf. Then 5(' ~ s 
By Remark 1 above, such an .LP' is a subfamily of Eit(~). 
Consider (b). Suppose L is in ESt(oLf). Then .Lf ~ oq~(L). By hypothesis, .~ :# og, 
and clearly o~(L) is countable. By Lemma 1.2 there is a full AFL s properly con- 
taining 5,~(L), which is incomparable with LP. Then L is in the full AFL s162 and s 
is incomparable with ~W. Hence (b) holds. 
The following concept will be used in the main characterization theorem. 
DEFINITION. A full AFL s is said to be fully prime if, for all full AFL 
and 4 such that 009 ~_C o~(.LP x u ~r either .~ _C ~ or ~ C .Lf 2 . A language L is said 
to be fully prime if .~#(L) is fully prime. Similarly, an AFL ~a is said to be prime if, 
for all AFL ~ and 4 such that .Lf _C ~ ' (~ u-LP2), either 5r C ~ or 5r C 4 ;  a 
language L is said to be prime if ~a'(L) is prime. 
In particular, :~ is fully prime. 
Remark 1. Each AFL s # ~ containing {E} is not prime. For, if ~0 is the AFL 
of E-free languages in ~,  then ~a _C o~'(LP 0 u ~) but oLP ~ s and f f  ~ ~. 
Remark 2. If ~(L1) ---- .oq#(L2), then either L 1 and L 2 are both fully prime or 
neither is. In particular, a language L is fully prime if and only ifL -- {,} is. 
Remark 3. If ~ and 4 are full AFL, then 5#(~ 1 u ~P2) ----o~'(~1 kJ 4 )  [1]. 
It follows from this that if a full AFL is prime then it is fully prime. We do not have 
an example of an e-free fully prime AFL that is not prime. Indeed, as yet we do 
not know of any nonregular prime AFL. (We conjecture that the AFL of c-free 
context-free languages i  prime.) 
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Remark 4. In [9] a language r is said to split if oq~(L) = ~(LP~ u ~) ,  where 
.~ and ~ are incomparable full AFL. It is obvious that ifL splits then L is not fully 
prime. The converse is not true. For example, the language L 0 = {a"b~/n ~ 1} is 
known not to split [9] but, as will be shown in the Appendix, is not fully prime. 
By [9, Theor. 3.1, Cor. 2], or has a largest proper full sub-AFL. It follows from 
Theorem 2.1 below that ,~r does not have a largest incomparable full AFL. Thus 
a full AFL may have a largest proper full sub-AFL but not a largest incomparable 
full AFL. By Proposition 2.1(a) above, the existence of a largest incomparable full 
AFL implies the existence of a largest proper full sub-AFL. 
Remark 5. Suppose L is in .~(~1 v3 5P2) , with ~ and s 3 full AFL. It is straight- 
forward to see that there exist La in ~ and L 2 in s such that L is in ~({Lx, L2} ) = 
o4~(~,~(L1) va .~(L2) . Therefore, L is fully prime if and only if whenever L is in 
~({L1, L2} ) then either L is in ~(L1) or L is in ,~(L2). 
We are now ready for the first of our two characterization theorems. 
THEOREM 2.1. 
(1) 
(2) 
(3) 
(4) 
Proof. 
Let ~ be a full AFL. The following are equivalent. 
E~t(L,(~) is a full AFL incomparable with 5e. 
E~t(Se) is the largest full AFL incomparable with ~q~. 
There is a largest full AFL incomparable with ~q~. 
is full principal, fully prime, and contains a nonregular set. 
(l) => (2). If E~t(Se.) is a full AFL, then E~t(LP) is the largest full AFL 
incomparable with ~ by (a) of Lemma 2.1. 
(2) => (3). This is trivial. 
(3) ~ (4). Suppose that ~ has a largest incomparable full AFL s Then &o 
contains anonregular set. Also, by the corollary to Proposition 2.1, ~ is full principal. 
Thus, ~o _ ~.(L0) for some nonregular set L 0 . To complete the proof we shall 
verify that L 0 is fully prime. 
Suppose L0 is not fully prime. By Remark 6 above, there exist languages L1, L 2 
such that L 0 is not in .~(Ll) and not in ~(L2) , but is in ~'({L1, L~}). By Lemma 1.2, 
there exist full AFL 4 ,  properly containing ~(L1) , and 4 ,  properly containing 
~(L~), such that ~1 and ~ are incomparable with ~(L0). Then ~ _C ~ '  and ~ C ~ ' ,  
so that .~(~ td ~)  _C ~ ' .  Hence L 0 is in o@({Lt, L2} ) _C ~(~1 u 4 )  C ~o,, so that 
~ ~(L0) _C 5C. This contradicts he fact that ~ '  is incomparable with ~.  
(4) ~ (1). First we show that E~t(~q ~)is a full AFL. Since ~ contains a non- 
regular set, ~ _C E~t(5~). Thus E~t(~r is a family of languages. From Remark 1 
following the definition of full exterior, E~t(~) is closed under intersection with 
regular sets, arbitrary homomorphism, inverse homomorphism, and +.  To show 
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E~t(50) is a full AFL, it suffices to prove it closed under union. 8Let L 1 and L 2 be 
in E~t(50). Then 50 ~ ~(Lx) and 50 ~ ~(La). Since 50 is fully prime, o~({L1, La}) = 
~(~(L1) U 3'~(L2)). Therefore o~({L1, L2} ) C E:~t(50). Since L~ U L 2 is in o~(Lx, L2), 
L 1 u L 2 is in E~t(50). 
We now show that E~t(50) is incomparable with 50. Since 50 is full principal 
and contains a nonregular set, 50 is neither ~ nor ~//. By Theorem 1.1, there exists 
a full AFL 50' incomparable with 50. By (a) of Lemma 2.1, 50'C E~t(50). Hence 
E~t(50) ~ 50. Therefore ESt(50) is incomparable with 50, and the proof is complete. 
It follows from Theorem 2.1 and Remark 3 following the definition of full exterior 
that if 50 is a full AFL with a largest incomparable full AFL 50', then 50 is uniquely 
determined by 50'. Theorem 2.2 below makes explicit his determination bydualizing 
the concepts of largest and smallest 9 for incomparable full AFL. 
We need the following preliminary result. 
LEMMA 2.2. I f  a full AFL 50' has a smallest incomparable full AFL 50, then 50' 
is uncountable. 
Proof. Let 50' be a full AFL and 50 the smallest full AFL incomparable with 50'. 
Let L be an element in 50 -- 50'. Since 50' and 5 ~ are incomparable, L exists. Then 
o~(L) is a full AFL incomparable with 50'. [For if ~-(L)_C 50', then L is in 50', a 
contradiction. And if 50' C o~(L), then 50' C o4~(L) C 50, a contradiction.] Since 50 
is the smallest full AFL incomparable with 50', 50 C o~(L). Since L is in 50, ~(L)  C 50. 
Hence ~r = o~(L). Thus 50 is countable. 
Suppose 50' is countable. Then ~ = o~(& ~ u 50') is a countable full AFL. Clearly 
50 n 50' is also a countable full AFL. By Lemma 1.1, there exists a language L' 
not in 50 n 50' such that ~ n o4.((50 n 50') u {L'}) = ~ c3 (50 n 50') ----- 50 n 50'. 
Let ~ ~- ~((50 n 50') u {L'}). Then 502 is a full AFL. Now 50 f 502 (otherwise, 
50 C ~ n ~ = 50 n 50', which implies 50 _C 50') and 50' ~ 50~ (otherwise, 
50' C ~1 n ~ = 50 n 50', which implies 50' _C 50). Also ~ ~ 50'. [For if ~ C 50', 
then L' is in 50' _C ~1. Thus L' is in ~ n ~ = 50 n 50', a contradiction.] Therefore 
is incomparable with 50'. Since 50 ~ 4 ,  this contradicts the hypothesis that 50 
is the smallest full AFL incomparable with 50'. Hence 50' is uncountable. 
We are now ready for the second characterization result. 
THEOREM 2.2. The following two statements are equivalent. 
(1) 50 is a full AFL and 50' is the largest full AFL incomparable with 50. 
(2) 50' is a full AFL and 50 is the smallest full AFL incomparable with s 
a It is known [10] that a family of languages closed under intersection with regular sets, 
arbitrary homomorphism, inverse homomorphism, +,  and union is a full AFL.  
9 Let (P, <)  be a nonempty partially ordered set. An element p in P is a smallest element if 
p ~< q for each q in P. If  a smallest element exists, it is unique. 
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Proof. Suppose (1) holds. By Theorem 2.1, 50' = E~t(50). Let 50" be any full 
AFL incomparable with 50'. Then there exists a language L in 50"--50'. Since 
L is not in 50' = E~t(50), 50 __C o@-(L) C 50". Thus ~ is contained in every full AFL 
incomparable with 50'. Since 50 itself is a full AFL incomparable with 50', 50 is the 
smallest full AFL incomparable with 50'. Therefore (2) holds. 
Now suppose (2) holds. Since 50' is incomparable with 50, 50'_C Eit(50) by (a) 
of Lemma 2.1. Let L be in E~t(50). Then 50 ~ ~'(L). Since 50 is the smallest full 
AFL incomparable with 50', it follows that ~(L)  is comparable with s Then 
~'(L) _C 50'. [For by Lemma 2.2, 50' is uncountable. Since .~(L) is countable, 
~o, ~ ,r Hence L is in 50'. Consequently, Efct(50) _C 50'. Thus 50' = E~(~).  
Therefore E~t(50) is a full AFL incomparable with 50. By Theorem 2.1, 50 = E~t(~q ~)
is the largest full AFL incomparable with 50. Hence (1) holds. 
Theorem 2.1 establishes the importance of the notion of a fully prime AFL. The 
next theorem presents a sufficient condition for a full AFL to be fully prime. 
THEOREM 2.3. Each substitution-closed full AFL is fully prime. 
Proof. Let 50 be a substitution-closed full AFL. Suppose that 50 is not fully 
prime. Then there exist full AFL ~ and 502 such that 50 _C ~a~(~ 1 u 4) ,  50 ~ ~,  
and 50 ~ 4 -  Hence there exist languages L 1 in 50 -- ~ and L 2 in 50 -- ~ .  Without 
loss of generality, we may assume that L 1 and L 2 are E-free, L 1 :/: ~, L~ # ~, and 
Z'L~ n 2;L~ = 2. Since 50 is substitution closed, rLI(L2) is in 50 C o4(~ U 4)C  
Sfib(~l, 502). By Theorem A, either L1 is in ~1 orL2 is in 4 ,  contradicting the choice 
of L t and L 2 . 
It follows from Theorem 2.3 that every full generator of a full principal sub- 
stitution-closed AFL is fully prime. Thus every full generator of 50CF, the AFL 
of context-free languages, is fully prime. In particular, the Dyck language on two 
or more letters is fully prime. 
COROLLARY. Every substitution-closed fuU principal AFL other than ~ has a largest 
incomparable full AFL. Furthermore, this largest incomparable full AFL is substitution 
closed. 
Proof. The first part follows immediately from Theorems 2.1 and 2.3. If 50 is a 
substitution-closed full principal AFL other than ~ and if 50' is its largest incom- 
parable full AFL, then an argument similar to that in the proof of Theorem 2.3 
shows that 5 ~ f Sflb(50', 50'). On the other hand, Sfib(50', 50') is not a sub-AFL 
of 50. [Otherwise, 50' C $6b(50', 50') _C 50, contradicting the incomparability of 50 
and 50'.] Thus Sfib(50', 50') is a full AFL incomparable with 50. Since 50' is the 
largest full AFL incomparable with 50, Sfib(50', 50')_C 50'. Therefore 5 ~ is sub- 
stitution closed. 
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The last result of the section relates the existence of a largest full AFL incom- 
parable with a given AFL ~a to the existence of a largest full AFL incomparable 
with ~(L,e). 
THEOREM 2.4. Let ~ be an AFL and .~' a full AFL. Then ~ '  is the largest full 
AFL incomparable with .~e if and only if ~" is the largest full AFL incomparable with 
( 
Proof. We first show that 
(*) each AFL with a largest incomparable full AFL is countable. 
For let ~ be an AFL with a largest incomparable full AFL ~/r,. By (b) of Lemma 2.1, 
E:~t(3e') C ~v". Since ~e" ~ ~, ,  there exists L in 4//" -- E~t(~/'). Then r _C ~(L), so 
that 3V" is countable. 
Now suppose ~e' is the largest full AFL incomparable with ~e. If f(L~')_C La', 
then ~e _C Se', contradicting the incomparability of ~ and .oCe'. On the other hand, 
L~" is uncountable by Lemma 1.2 and L,e is countable by (*). Therefore ~(se)  is 
countable, so that Se' ~ ~(se).  Hence ~ '  is incomparable with ~,~(se). Let ~ be 
any full AFL incomparable with ~(&a). If &a 1 ___ ~,e, then ~ =-~(.L~)_C ~-(~), 
a contradiction. If .Le C -~1, then ~(~)  _C ~(Sel) = .~al, a contradiction. Thus 
is incomparable with ~e, so that ~ C .~e' is the largest full AFL incomparable with 
~(~e). 
Now suppose .~e' is the largest full AFL incomparable with ~(_~a). If Se _C ~ ' ,  
then ~(~' )  _C ~(.~e') = ~q~', a contradiction. Since ~(~) ,  thus .L~ a, is countable by 
(*), and Se' is uncountable by Lemma 1.2, Se'~ L,e. Thus ~ and L-a' are incom- 
parable. Let ~ be any full AFL incomparable with .~e. If ~(.~e)C ~cPl, then 
.La _C~(Se)C .o~al, a contradiction. Assume ~ __C ~(~e). Then ~1 is countable. 
By Lemma 1.1, there exists a language L not in ~e xsuch that ~(se)  c~ ~( .~ u {L}) = 
~(.L~ a) C~ Se~ = 4 .  Then ~ 7 ~g~(.~a L3 {L}), and ~(~a t2 {L}) is incomparable with 
~,~(se). [For suppose ~(.La 1u {L}) is comparable with ~(~a). If ~(-~f~ 3 {L}) _C ~a~(~a) 
then ~ = ~(~ u {L}) ~ ~g~(.~) ~- ~(.L~ u {L}), a contradiction. Suppose ~(se)  _C 
~ ' (~ ~3 {L}). Then ~ ---- ~(se~ u {L}) c~ ~'(se) = ~'(se) _D ~,  contradicting the 
incomparability of ~ and .s Thus every full AFL incomparable with Se is con- 
tained in a full AFL incomparable with ~(~) ,  and therefore is a sub-AFL of Se'. 
Hence 0~' is the largest full AFL incomparable with ~a. 
Let Secs be the AFL of all context-sensitive languages. It is known that ~g~(secs) = 
~RE, the family of all recursively enumerable anguages. Since SeRE is a substitution- 
closed full principal AFL [4], it has a largest incomparable full AFL ~ by the 
corollary to Theorem 2.3. By Theorem 2.4, ~ is the largest full AFL incomparable 
with Secs. 
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3. MAXIMAL INCOMPARABLE AFL  
We now consider the existence of maximal 1~ AFL  incomparable with a given 
AFL.  In the corollary to Theorem 3.1 we present a sufficient condition for a non- 
regular (full) AFL  to have a maximal incomparable (full) AFL .  In Theorem 3.2 
we establish a sufficient condition for a nonregular (full) AFL  to have no maximal 
incomparable (full) AFL.  The two conditions are not exhaustive. 
EXAMPLE. I f  .W is any AFL  containing {a} and not q/, then the family of all c-free 
languages is a maximal AFL  incomparable with .~v. 
A nontrivial condition for the existence of a maximal incomparable (full) AFL  
is now given. 
THEOREM 3.1. (a) Let ~1 be a principal AFL  and let 0~ be a (full) AFL  incom- 
parable with ~ . Then there exists a maximal (full) AFL  containing ~ which is incom- 
parable with ~ .11 
(b) Let ~ be a full principal AFL  and let ~ be a full AFL  incomparable with ,Z' 1 . 
Then there exists a maximal full AFL  containing StY2 which is incomparable with .W 1 . 
Proof. We shall only give the argument for (a), an analogous proof holding for (b). 
The proof is based on Zorn's LemmaY 
Let L be a generator for ~ and let {L,r be a totally ordered collection of (full) 
AFL  incomparable with ~ and containing 4 .  Let s  0~*~e. Then ~ '  is a 
(full) AFL  containing .LP 2 . Suppose .W' is comparable with ~1.  I f  ~ '  C .W1, then 
C ~ contradicting the incomparability of ~ and ,W~. Therefore &a _C .L~". Then 
L is in oW'. Hence L is in ~a for some a. Thus ~ = f f (L ) [~(L) ]  C .W~, contradicting 
the incomparability of old', and .LP 1 . Consequently _,W' is incomparable with ,L, al. 
Thus the partially ordered set of (full) AFL  containing ~ and incomparable with .W 1 
satisfies Zorn's Lemma. Hence there exists a maximal (full) AFL  containing ~ and 
incomparable with -L,r 1 . 
Remark. The same method of proof as in the preceding theorem can be used 
to show that every (full) proper sub-AFL of a (full) principal AFL  is contained in 
a maximal proper (full) sub-AFL.  
lo Let (P, <~) be a nonempty partially ordered set. An element p in P is a maximal element if
p ~< q implies p = q. 
11 That is, maximal with respect to all (full) AFL which contain *L~ 2and are also incomparable 
with -Z' 1 . 
12 Zorn's lemma [12] asserts that a nonempty partially ordered set in which every totally 
ordered subset has an upper bound has a maximal element. (A totally ordered set A is a partially 
ordered set in which p ~< q or q ~ p for all p and q in A. If P is a partially ordered set and A is 
a subset of P, thenp is an upper bound for A ifp is in P and q ~ p for all q in A.) 
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COROLLARY. (a) Let ~1 be a principal AFL generated by a nonregular language. 
Then ~ has a maximal incomparable AFL and a maximal incomparable full AFL. 
Furthermore, if ~ is any incomparable (full) AFL then there exists a maximal incom- 
parable (full) AFL containing -~'2. 
(b) Let -~t be a full principal AFL fully generated by a nonregular language. Then 
~t  has a maximal incomparable full AFL. Furthermore, if ~ is any incomparable full 
AFL, then there exists a maximal incomparable full AFL containing ~.  
Proof. Again we only give the argument for (a). Let -~ = ~-(L) for L a nonregular 
language. Since L is not regular, ~1 is neither ~0 nor ~. Since 27 is countable, Lf 1 = 
o~(L) is countable. Since ~ is uncountable, it is not o~-(L). By Theorem 1. I, there 
exists an AFL, respectively full AFL, incomparable with ~.  The result hen follows 
from Theorem 3.1 (a). 
In contrast o Theorem 2.1, where necessary and sufficient conditions for the 
existence of a largest full AFL incomparable with a given full AFL were given, 
we do not know if the sufficiency condition in the above corollary for the existence 
of a maximal full AFL incomparable with a given nonregular (full) AFL is also 
necessary. Our next result gives conditions under which a (full) AFL has no maximal 
incomparable full AFL. 
THEOREM 3.2. Suppose (Li}i> 1 is an infinite sequence of fully prime languages uch 
that o~(L,) ~ o~(Li+l) and let ~ = o~'({Li/i ~ 1}). Then ~ has no maximal incom- 
parable full AFL. 
Proof. Assume ~r is a maximal incomparable full AFL of Lf. Then for some i, 
Li is not in s [Otherwise, o~(L~) _C L~  for each j, whence ~ = U s ~(Lj) _C s a 
contradiction.] Let i be such an integer. Then ~(Li) is incomparable with s [For 
~(L~) ~ s by definition of i. If s162 C o~(Li) then s _C U s o~(L~) = s a contradic- 
tion.] Let s be the largest full AFL incomparable with ~(L~). The AFL s exists 
by Theorem 2.1 sinceL i is fully prime and nonregular (the latter because ~(Li) ~ .o~?'). 
Since s is incomparable with ~(Li) , s _C s Since ~ is uncountable by Lemma 1.2, 
and since s is countable, ~ ~ 5r Also, s ~ ~.  [Otherwise, o~(L~) _C ~ C ~,  
a contradiction.] Therefore s is incomparable with s Since s is maximally 
incomparable with ~ and LP' _C s s = ~.  Hence 
(*) s is the largest full AFL incomparable with ~(Li) for every i such that 
Li is not in L* ~ 
Now let i 0 be a particular integer such that Li0 is not in Lf'. Since o~(Li0 ) ~ o~(Li0+l), 
L t snt  nL f '  B * L*~ l r  F r q+t" o i . y ( ) ,  " he agest fu l lA  L incompaablewith~(Lq)  and 
also with ~(Lio+l ). By Corollary 1 of Theorem 2.1, ~(Lq) = ~(Li0+l ). This is a 
contradiction. Hence .~' does not exist. 
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From Theorems 3.1, 3.2, and 2.1 of [8] and from our Theorem 2.3 it follows 
that there is an infinite sequence {Li}~>l of fully prime languages uch that o~(Lg) 
o~(Li+l) for all i >/ 1. Therefore we obtain the following. 
COROLLARY. There is a full AFL with no maximal incomparable full AFL. 
Remark. We do not know if the above corollary remains true if "full AFL"  
is replaced by "AFL."  
4. RELATIVE EXTENSION 
We now extend some of the results of Sections 2 and 3 to the case of a sub-AFL s 
of an AFL ~,r While we present the relevant definitions and statements of results, 
we omit all proofs. 
Given full AFL 5r and ~q', consider the existence of a largest full sub-AFL of =W' 
incomparable with oW. In case ~ and ~ '  are incomparable, =L,e' is the largest full 
sub-AFL of 58' incomparable with 0,% ~ Hence we restrict our attention to the situation 
where oLP and oW' are comparable. In case 58' _C 5r every sub-AFL of =LP' is contained 
in 5r so that there is no sub-AFL of cp, incomparable with ~.  Assume ~ ~ oW'. 
In order to have a largest full sub-AFL of 58' incomparable with ~,  it is necessary 
that there exist sufficiently many full sub-AFL of ~,~' incomparable with oW. This 
leads to the following concept. 
DEFINITION. A full sub-AFL oL~ v of a (full) AFL ~ '  is fully incomparably proper if 
(1) there exists a full sub-AFL of oL, e' incomparable with ~v, and 
(2) every countable proper (full) sub-AFL of 5(' is contained in a full sub-AFL 
of 58' incomparable with s 
By Theorem 1.1 and Lemma 1.2, each full AFL other than ~ and v// is a fully 
incomparably proper sub-AFL of ~.  
Many of the results of Section 2 can be extended to prove the existence of a largest 
full sub-AFL of 5 ~ incomparable with oLr when ~ is a fully incomparably proper 
sub-AFL of 58'. In particular, there is the following relative form of Proposition 2.1. 
PROPOSITION 4.1. Let oW be a fully incomparably proper (full) sub-AFL of a full 
AFL 58'. Furthermore, let oW have a largest incomparable full sub-AFL ~"  of oW'. 
Then ~ n =W" is the largest proper full sub-AFL of ~ .  
The following is the relative concept of full exterior. 
DEFINITION. Let ~ be a full sub-AFL of a full AFL .Z". The full exterior of 58 
in ~o,, denoted by E~t(oW, 50'), is the set of all languagesL in 58' such that 5(' ~ ~g~(L). 
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This full exterior has many of the properties of the full exterior when So, = ad. 
In addition, if .LP a C ~ C .LP a are full AFL, then 
= 4 n 4 )  
and 
E~t(.LP~, 4 )  C e~t(s G).  
The relative form of Lemma 2.1 is as follows. 
LEMMA 4.1. Let .W be a full sub-AFL of a full AFL oWL Then 
(a) every full sub-AFL of ~ '  incomparable with .W is contained in E~t(s ~ .W'); 
(b) if .W is a full incomparable proper sub-AFL of .L~', then every language in 
E~t(~ q , .LP') is in some full sub-AFL of .LP' incomparable with .LP. 
For the relative version of the first characterization theorem we need the following 
relative concept of fully prime AFL. 
DEFINITION. A full sub-AFL .W of a full AFL .W' is said to be fully prime in 
.W' if, for all full sub-AFL ~ and ~ of ~9r such that ~qo _C o~(.LP~ U 4) ,  either 
~e_c.~ or ~_C ~.  
Remark 1. If ~ C ~ _C .W, are full AFL with ~ fully prime in .Wa, then 
is fully prime in s 
Remark 2. A full AFL _W splits [9] if and only if .W is not fully prime in itself. 
The following is the relative version of the first characterization theorem. 
THEOREM 4.1. Let .W be a fully incomparably proper sub-AFL of a full AFL .W'. 
The following are equivalent. 
(1) Eft(& ~ s is a full sub-AFL of .W' incomparable with ~.  
(2) Eft(oW, &a,) is the largest full sub-AFL of .W' incomparable with .s 
(3) There is a largest full sub-AFL of s incomparable with .~. 
(4) s is full principal and fully prime in .~'. 
Remark. The obvious analogs of Lemma 4.1 and Theorem 4.1 hold for the 
arbitrary AFL case. 
Finally, we note that Theorem 3.1 also has a relative version, as follows. 
THEOREM 4.2. Let .W~ be a principal sub-AFL of an AFL s and let 4 be a (full) 
sub-AFL of .LF incomparable with .LP 1 . Then there exists a maximal (full) sub-AFL 
of ~P containing ~ which is incomparable with 4 .  
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APPENDIX 
Let L 0 = {anb~/n ~ 1}. We shall show that L 0 is not fully prime. 
We first recall some elementary concepts about a-transducers. 
An a-transducer is a 6-tuple M = (K, 271,272, H, q0, F), where 
(i) K, Z1, and ~'2 are finite sets (of states, inputs, and outputs, respectively). 
(ii) H is a finite subset of K • 271" • 272* • K (the set of moves). 
(iii) qo is in K (the start state). 
(iv) F C K (the set of accepting states). 
To show how an a-transducer acts we introduct the following notation. For 
i = O, 1, 2, 3 letpr i be the homomorphism on H* defined bypri((Xo, x 1 , x2, xa) = x i 
for each (Xo, xl ,  x2, xa) in H. For each y in H*, prl(~) is the input and pr2(~) the 
output of y. 
A computation of M is either a word h 1 "" h .... where m >/ 1, each hi is in H, 
pro(hi) = pr3(hi_l) for 1 < i .~ m, pro(h,) = qo , and pr3(h,, ) is in F, or the word E 
if q0 is in F. Let/-/M be the set of all computations. 
For each word w in 271" let M(w) = pr2(pr~a(w)n I1M). For every WC271" let 
M(W)  = Uwinw M(w). The mapping M from subsets of 271" to subsets of 272* 
defined in this way is called an a-transducer mapping. For each language L let 
~(L)  = {M(L)/M an a-transducer}. 
I l L  1 _CL o then by Lemma 4.2 of [13], L 0 is in .~(L1) if and only i fL  0 is in J/C~(L1). 
This is why we are interested in a-transducers. We will obtain some necessary con- 
ditions on a language L 1 such that L 1 _C L o and L 0 is in Jff(L1). 
Let M be an a-transducer, with Z' 1 = 272 = {a, b}. The word ~, = h 1 ... h~, 
n ~ 1, in H* is said to be a loop of M if 
(i) pr~(h,) = pro(hi) ,
(ii) pr3(hi) --pro(hi+l) for each i, 1 ~< i < n, and 
(iii) Pro(hi) =/- Pro(h~) for all i, j, i =~ j, 1 ~< i, j ~ n. 
Let u = prl(~, ) and v = pr2(v). Then ~ is said to be a (u, v)-loop. I f  y is a (u, v)-loop 
with u in a* or in b* and v in a* or in b* then ~, is called a symbol oop. 
Obviously there are only a finite number of loops of M. 
We now assume that L 1 _CL 0 and that M(L1) = L o . Since L o C_ a'b* it follows 
that each computation a in 1-I~t c3 pr~a(L1) has at most two occurrences of nonsymbol 
loops. To control the occurrences of symbol loops in computations we quote the 
following [1 3, Lemma 3.6]: 
(*) There is an integer k with the following property. For each computation a 
in TIM c~ pr;l(L1) there exists a computation a' = x~,Pyrqz in H M (3 pr~(L~) 
such that 
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(i) prl(c~ ) = prl(cZ' ) and pr2(~ ) = pr2(od ).
(ii) ~, is a (u, v)-symbol oop for u in a +. 
(iii) r is a (u, *:)-symbol loop for u in b +. 
(iv) For every symbol loop a in M, x, y, and z each contains at most k --  1 
occurrences of or. 
Condition (iv) of (*) together with our previous remark about the number of 
occurrences of nonsymbol loops in a computation in II M t3 pr~l(L1) implies that the 
lengths I x l, [Y l, and [ z [ are all bounded. Hence there is a finite set S of words 
in H* such that all x, y, and z as obtained from (*) are in S. 
Suppose that ? as obtained from (*) is a (u, E)-loop. Then either the number of 
occurrences of a in pr2(xT~yrqz ) or the number of occurrences of b in pr~(:W~y.cqz ) 
is bounded. Hence only a finite number of words o fL  0 can arise from such computa- 
tions. Similarly, only a finite number of words of L 0 can result from computations 
in which z is a (u, E)-loop. Therefore, all but a finite number of words of L 0 must 
arise from computations xy~yrqz in which (~)), is a (u, v)-symbol oop with ] u [ > 0 
and ] v [ > 0 and (fl) ~- is a (u', v')-symbol loop with I u']  > 0 and ] v ' [  > 0. 
Let 
? t= min I ] pri(v)l/ l I pr~(v)l v a symbol loop for which I prx(v)l > 0 and I pr~(v)[ > 0 .  
Let N = 3 max{I pri(s)] + ]pr~(s)l/s in S}. Then for all but a finite number of words w 
in L 0 , if w is in M(w') with w' in L 1 then 
Iw'l 
Iwl 
I prl(xM~yrqz)l 
I Pr2(xw~Y'rqz) J 
P I pri(r)l + q I prl(*)l >~ 
p [ pr,(7)[ + q ] pr~(z) l + N 
/> ~(P I Pr2(7)[ + q [Pr~(T)I) 
p I pr2(~,)l + q [pr2(r)l + N 
>~ ~12. 
[The last inequality holds since there are only a finite number of xT~yrqz such that 
p ]pr2(7) ] -[- q [pr~(r)[ < N.] Thus there is a real number k 1 > 0 such that ] w' ] /> 
k x ] w [ for all but a finite number of w in L 0 . 
Similarly, let 
I [prl(v)[ /v a symbol loop for which [prl(v)[ > 0 and I Pr2(v)l > 0} /~ = max [pr~(v)] J 
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Then for all but a finite number of words w in L 0 , if w is in M(w')  with w' in L~ then 
Lw'l 
Iwt 
~< 
I Prl(xv~Y'rqz)] 
I Pr2(x~'~Y'rqz) l 
N + p I pr~(~)l -}- q I prl(*)l) 
P I Pr2(~)l + q I Pr2(r) l
N + t*(P I Pr~(~')l + q I Pre(~r)l) <~ 
19 [Pr2(7")l + q I Pr2(@ 
~< 2t*. 
Hence there is a real number k 2 > 0 such that ]w' I ~ k21w ] for all but a finite 
number of w in L o . 
Since L 0 contains words of length 2n for all n ~> 1, Lt contains words w' with 
(**) 2nkl ~ I w'l ~ 2nk2 
for all but a finite number of n. 
To show that L 0 is not fully prime we shall find L1, L 2 such that L 0 = L 1 k)L, 
but L o is neither in ,~(L~) nor in o~(L~). It suffices to find L1, L 2 such that L o = 
L 1 u L 2 and for every k 1 > 0, k2 > 0 neither L 1 nor L 2 contain words w' satisfying 
(**) for all but a finite number of n. 
Let 
and 
L~ = {anb"/(2m)! ~ n < (2m + 1)l for some m >/ 1} 
L 2 = {a"bn/(2m + 1)! ~ n < (2m + 2)! for some m ) 0}. 
ClearlyL 0 = L t • L2, andL 1 has no words w' with 2(2m + 1)! ~ I w' ] < 2(2m + 2)!. 
We shall prove that L, does not satisfy (**). This will imply that L 0 is not in J/](L1) 
and thus not in o~(L1). An analogous argument holds for L 2 . 
For each m >/ 1, let ~,,, be the largest integer not greater than (m + I)1/2. Then 
(m + 1)/am ~ a .... lim ..... ~,r, = c~, and lim~_~[(m + 1)/am] = or. Given k 1 > 0, 
k~ > 0 choose m o so that c~mo > 1/k 1 and c~, ~ > k2/2. For m ~ m o , otto ~ a,, ~ > 1/k t 
and (m + 1)/c% ~ c% ~ a,,,o > k2/2. Thus, for m ~ mo, 
2(2m + 1)l ~ 2(2m + 1)l o~,,k~ 
and 
2(2m + 1)! ~,,k 2 < 2(2m + 2)! 
Hence, for n = (2m + 1)l o~m with m ~ m0, L 1 contains no word w' with 2nk x 
[ w' [ <~ 2nk 2 . Since there are an infinite number of such n, L 1 does not satisfy (**). 
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